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Rotation




Defining Rotation

Reference frame




Defining Rotation

Orientation relative
to reference frame




Defining Rotation

Rotation transforms
from one orientation
to another




Rotation Angle (2D)
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Rotation Angle (2D)
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Orientation vs Rotation

* Orientation of an object is described relative to some reference
frame

* A rotation changes an object from one orientation to another



2D Rotation Matrix

* Transformation
* (1,0) = (cos 6, sin ©)
* (0,1) 2 (-sin B, cos O©)

* Rotation matrix
_[cos(8) —sin(0)
sin(f) cos(0)



3D Rotation Matrices

e Rotation Matrix attributes:

* Orthogonal
* Basis vectors are unit length
* Dot products of basis vectors are zero
e M1=MT
e MTM = |
* Determinantis 1



3D Matrices RR\R,

RxRyRyz

1 0 0 cosB 0 smB cosC' —smC 0
=10 cosd —smAd 0 1 0 smC' cosC 0
0 smAdA cosA —sinB 0 cosB 0 0 1



3D Matrices RR\R,

RxRyRyz

1 0 0 cosB 0 smB cosC' —smC 0
=10 cosd —smAd 0 1 0 smC' cosC 0
0 smAdA cosA —sinB 0 cosB 0 0 1

( cos B 0 sin B cosC' —sinC' 0
= smAsmB cosd —smAcosB smC' cosC 0
\— cosAsmB smAd cosAdcosB 0 0 1
( cos B cosC —cos Bsin( sin B )

= sin Asin BeosC' +cosAsinC —sinAsin BsinC' + cosAcosC' —sinAcosB
K— cosAsin BeosC +sin AsinC' cosAsm BsinC + sin AcosC cos Acos B



Pitch, Yaw, Roll




ldeal Orientation Format

* Represent 3 degrees of freedom with minimum number of values
* Allow concatenations of rotations

* Math should be simple and efficient
* concatenation
* rotation
* interpolation



Interpolation?

------

Cw(®) w(t) u(t)
= | W(t) w(t) v:(1)
n«(t) ny(t) n-(t)




Interpolating Matrices

* Say we interpolate halfway between each element

1 0 0 0 -1 0 05 -05 O
050 1 0(+051 0 0|=/05 05 O
0 0 1 0 0 1 0 0 1



Interpolating Matrices

* Say we interpolate halfway between each element

1 0 0O 0O -1 0 05 -05 0
050 1 0|+051 O O|=|05 05 0
0 0 1 0O 0 1 0 0 1
* Result isn’t a rotation matrix!

* Need Gram-Schmidt orthonormalization
* = Interpolation computationally costly with rotation matrices



Gimbal Lock




Euler Angles
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Euler Angles

* Rotation (Gimbal lock problem)

* Interpolation (no, with matrices)



Euler Angles

* Rotation (Gimbal lock problem)

* Interpolation (no, with matrices)

— 2 2

2 R =Ryz(¢)Ry(0)Rx(¢) ¢ = Atan2 (—7“31, V711t 7“21)
cosy —siny 0 cosf 0 sinf 1 0 0

= |siny cosy O 0 1 0 0 cos¢p —sing r T

0 0 1 —sinfl 0 cos# 0 sing cos¢ ’(p = —Atanz ( 21 , 1 )

costpcos cosysin@sing —sinicosd  cosipsinf cos ¢ + sin1) sin ¢ / COS(gb) COS(¢)

= | sintycos@ sinysinfsing 4 cosycosd sinsinbcosd — cosysin @
—sind cosfsin ¢ cos 8 cos ¢ ; 9 . At&ﬂQ 32 33
cos(¢)’ cos(o)




EFuler’s Rotation Theorem

* Every 3D rotation can be represented by an axis and an angle.




Rodrigues Rotation Theorem

e Given axis 1, angle 8 and point p rotation is

R(r,0,p) =pcosf + (r x p)sinfd +r(rep)(l — cosb)



Rodrigues Formula




Rodrigues Formula




Rodrigues Formula




Rodrigues Formula




Rodrigues Formula




Rodrigues Formula




Rodrigues Formula




Rodrigues Formula




Rodrigues Formula




Rodrigues Formula

d=(n-p)n



Rodrigues Formula

d=(n-p)n



Rodrigues Formula

d=(n-p)n



Rodrigues Formula

d=n-p)=*n



Rodrigues Formula

d=n-p)=*n



Rodrigues Formula

d=n-p)=*n



Rodrigues Formula

d=n-p)=*n



Rodrigues Formula

d=n-p)=*n

p=d+1



Euler-Rodrigues Parameters

e Given a2 + b? + ¢c2 + d? = 1 we can build a rotation

* Set
* a=c0s(0/2)
* r=(b, c,d)=sIn(6/2)n

* Then rotate using

R(a, r,p) =2a(r x p) + 2(r x (r x p)) + p

(also has a matrix representation)



Axis-Angle Rotation

e Rotation (no Gimbal lock problem)
* Interpolation (find axis of rotation by taking cross product of 2 axes)

A

axb

hsiﬂf laxb|

da




Complex Numbers

e 2D numbers: a + bi

e Wherei =+v—1



Complex Numbers

e 2D numbers: a + bi

e Wherei =+v—1
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Complex Numbers




Complex Numbers

(a,b)=a+Di




Complex Numbers

* Multiplication:
* (a+ bi)(c+di) = (ac — bd) + (bc + ad)i

* (a,b)(c,d) = (ac — bd, bc + ad)



Complex Numbers: Unit Length

_C0SO+1sINO
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Complex Numbers

* Multiply general complex number by unit complex humber:

* (x + yi)(cosB + isinf) = (xcosO — ysinB) + i(xsinf + ycosh)

general unit



Complex Numbers

* Multiply general complex number by unit complex humber:

* (x + yi)(cosB + isinf) = (xcosO — ysinB) + i(xsinf + ycosh)

general unit 2D rotation!



Example Complex Number Rotation by i

(3, 2i)




Example Complex Number Rotation by i

(3+21)i
(3, 2i)




Example Complex Number Rotation by i

(-2, 3i)

\ G




Unit Complex Numbers are Rotations!

(-2, 3i)

\ G




Inverse Rotation

(-2, 3i)
(3, 2i)




Computational Efficiency?

* Rotation matrix vs. complex number multiplication

cos(0) —sin(H)] lgx]
y

sin(8) cos(8) (px: py) (ux' uy)



3D Complex Numbers?

(ap + bot + coJ)




3D Complex Numbers?

* Problem with multiplication

((I-(} + Dot + Ci(}j)((l-l + by + Clj)



3D Complex Numbers?

* Problem with multiplication

(a-(} + b1 + coj)(al + b1 + C';lj)

(I.-(]bl bo ai )?

apgC1 T CQ(I.-l)j
0c1tj + coby e




3D Complex Numbers?

* Problem with multiplication

(a-(} —|~bo’i—|~coj)(a1 +bli+6i1j) — (

T ((I.-le T bo(}_‘.-l)?:
(apct + coaq) ]

+  bocrig + coby gt

apa; — boby — cocq)

Not a division algebra = not every non-zero number has an inverse!



Quaternions

 Hamilton’s insight: multiplication possible with 3 imaginary values
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Quaternions

* Are extended complex numbers in 4D
a+bl>w+xi+y]+zkK
(W, X, Y, 2)

(W, v)



Quaternions extend Complex Numbers
e Suppose y =z =0 then,

at+bl>w+xi+0]+0k=w+xi



Quaternion Multiplication

* Provides concatenation of rotations
* Take gy = (Wy Vo) 0 = (W Vy)

q.9, = (WIWO =~V Vo, WV, + WV, +V, X Vo)
* If Wy, W, are zero:
q,q,=(-V,*V,, V,XV)
* Non-commutative:

9.9, 7 9.9,



Quaternions

* |dentity quaternion is (1, 0, 0, 0)
e applies no rotation
* remains at reference orientation
* glisinverse
* (gt gives identity quaternion



Quaternion Rotation

* Like complex numbers, unit quaternions represent rotations
* For 3D rotation:

w = cos(6/2)

(X,y, ) =v=sin(6/2)n



Quaternion Rotation

* We can easily obtain the inverse quaternion for any unit (normalized)
guaternion

q = (w, v) = (cos(0/2), sin(6/2)n)

1= (w, v)1 = (cos(-6/2), sin(-6/2)n)



Quaternion Rotation

* We can easily obtain the inverse quaternion for any unit (normalized)
guaternion

q = (w, v) = (cos(0/2), sin(6/2)n)

1= (w, v)* = (cos(-6/2), sin(-6/2)n)
(W, V) = (cos(6/2), -sin(6/2)n)



Quaternion Rotation

* We can easily obtain the inverse quaternion for any unit (normalized)
guaternion

q = (w, v) = (cos(0/2), sin(6/2)n)

1= (w, v)* = (cos(-6/2), sin(-6/2)n)
(W, V) = (cos(6/2), -sin(6/2)n)
(W1 V)-l — (W’ _V)



Quaternion Rotation

* Have vector p, unit quaternion g
* Treat p as quaternion p = (0, p)
* 3D rotationof p by g is

p’=9gpQq?



Quaternion Rotation

* Have vector p, unit quaternion g
* Treat p as quaternion p = (0, p)
* 3D rotationof p by g is

p’=9gpQq?

P+ 2w(v x p) + 2(v x (v x p))



Quaternion Rotation

* Quaternion Rotation * Euler-Rodrigues

 w=cos(6/2) e a=cos(6/2)



Quaternion Rotation

* Quaternion Rotation * Euler-Rodrigues

 w=cos(6/2) e a=cos(6/2)
* (x,v,z)=v=sin(6/2)n *(b,c,d)=r=sin(6/2)n



Quaternion Rotation

* Quaternion Rotation * Euler-Rodrigues
 w=cos(6/2) e a=cos(6/2)
* (x,v,z)=v=sin(6/2)n *(b,c,d)=r=sin(6/2)n

* p+2w(v x p) + 2(v x (v x p)) e p+2a(rxp)+2(rx(rxp))



Matrix Form

* Decompose 2D rotation matrix into:

cosf/ —sinf | Wy I 0 L sinf 0 —1
sinf  cosf B NI | SHLT

" Set oo ;[0 =1
—lo 1 110

* Then
[ cosf) —sinf

D __ = cosfl + sinfJ
sinff cosf



Matrix Form

| and J follow same rules as 1 and i

, [0 =170 =11 [-1 o]
J[l 0 ”1 0 ][ 0 1] :

(al +bJ)(cI + dJ) = (ac — bd)I + (be + ad)J

 Complex numbers in another form!



Matrix Form

* For quaternions:

o = O O
—_— O O O

o O O -
o O = O

= = O O

o O = O




Matrix Form

* Then
X2=Y?=72=XYZ=-I

* And
Q=wl+xX+yY+2zZ

* Qis a quaternion!



Matrix Form

e IfW2+X2+y2+72=1
* Unit vectors

e Orthogonal vectors, dot products 0

e Determinant 1

e Qis a rotation matrix!

P'=QPQ




Matrix Form

e Q is a rotation quaternion
* Transform with half angle

P~ QP

Rotate halfway Rotate halfway




AD Rotation

* Two types:
* Single rotation (one plane, like 2D/3D)
* Double rotation (two orthogonal planes)



AD Rotation

* Two types:
* Single rotation (one plane, like 2D/3D)
* Double rotation (two orthogonal planes)

(D(w+IX+]Jy+kz)=—X+1w—Jz + ky



AD Rotation

* Two types:
* Single rotation (one plane, like 2D/3D)
* Double rotation (two orthogonal planes)

(i)W + ix + jy + k2) = + WDz + ky

90° rotation in (w, x) plane



AD Rotation

* Two types:
* Single rotation (one plane, like 2D/3D)
* Double rotation (two orthogonal planes)

() +ix +y + ka) =Cx + Wz + ky

90° rotation in (w, x) plane 90° rotation in (y, z) plane



AD Rotation

* Two types:
* Single rotation (one plane, like 2D/3D)
* Double rotation (two orthogonal planes)

(w+ ix+ jy + ko)) =Cx + Wiz - k)

90° rotation in (w, x) plane -90° rotation in (y, z) plane



AD Rotation

* Two types:
* Single rotation (one plane, like 2D/3D)
* Double rotation (two orthogonal planes)

W+ ix+ jy + k) (-

-90° rotation in (w, x) plane 90° rotation in (y, z) plane



AD Rotation

* Two types:
* Single rotation (one plane, like 2D/3D)
* Double rotation (two orthogonal planes)

(i) (W + ix + jy + kz)(-i)



AD Rotation

* Two types:
* Single rotation (one plane, like 2D/3D)
* Double rotation (two orthogonal planes)

(i) (W + ix + jy + kz)(-i)



AD Rotation

* Two kinds of quaternion rotations (both angles equal) - isoclinic
* Multiply on left, rotate ccw in both planes
* Multiply on right, rotate ccw in one, cw in other



AD Rotation

* Matched pair of isoclinic rotations

v

Rotate by 8 /2 ccw in 3D Rotate by 8 /2 ccw in 3D
rotation plane and ccw in rotation plane and cw in
the orthogonal plane the orthogonal plane




AD Rotation

* Matched pair of isoclinic rotations

-lQFQ”]

Rotate by 8 /2 ccw in 3D Rotate by 8 /2 ccw in 3D
rotation plane and-cew-n rotation plane and-ew-in

the-orthegonalplane the-orthogonalplane




Quaternion Rotation

* Can easily concatenate rotations — no trigonometric calculations
needed

di-(dg-P-9oh)-d;*=(01:0g)-P- (91 -9p)™

* Note multiplication order: right-to-left



Creating Quaternions

* So for example, if we want to rotate 90° around z-axis:

w=c0s(45") = ﬁ/z
x=0-s1n(45")=0
y=0-s1n(45")=0
z=1-sin(45") =~/2/2
q=(~2/2,0,0,v2/2)



Creating Quaternions

* Another example
* We have a vector v, and want to rotate to v,

* Need rotation axis I, angle 0 N A
0 =acos(v,ev,)

r=v,XxXv,

* Plug into previous formula



Interpolating quaternions

* E.g. with linear interpolation: (1-t)p + tq
q




summary

2D rotations =2 unit complex numbers
3D rotations =2 unit quaternions

* Why four values = division algebra
* i, j, kare imaginary axes

* gpgtis a two step rotation because we can’t rotate in a single plane
using quaternions in a single step

* Rotation, concatenation and interpolation



G LM Version 0.9.0

alm atc quaternion

GLM_GTC_guaternion extension: Quaternion types and functions. More...

typedef detail: :tguat< double =

typedef detail::tquat< float =

typedef detail: :tquat
< detail: :thalf =

typedef detail::tquat< float =

template<typename T =
detail:;:tquat= T =

template<typename T =
detail::tquat= T =

template<typename T =
detail::tquat< T =::wvalue_type

template<typename T =
detail::tquat= T =

dquat
Quaternion of double-precision floating-peint numbers.

fquat
Quaternion of single-precision floating-point numbers.

hquat
Quaternion of half-pracision floating-point numbers.

quat
Quaternion of floating-point numbers.

conjugate (detail::tguat< T = const &q)
Returns the g conjugate.

cross (detail::tquat< T = const fq1, detail::tquat< T = const &q2)
Returns the cross product of gl and g2.

dot (detail::tquat< T = const &q1, detail::tquat< T = const 8qg2)
Returns dot product of q1 and g2, i.e., q1[0] * qg2[0] + q1[1] * q2[1] + ...

inverse (detail::tquat< T = const Bq)
Raturns the o inverse.


https://glm.g-truc.net/0.9.0/api/a00135.html

