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Covariance

Variance in weight = 35.0

Variance in height = 36.9

𝜎2 𝑥, 𝑦

𝜎2 𝑦, 𝑦

𝜎2 𝑥, 𝑥



Covariance as Linear Transformations

(SR)-1

Σ Σ′ = 𝑅𝑆𝑆𝑅−1

Eigendecomposition
S2 = L, R = V



Dimensionality Reduction



Dimensionality Reduction

𝒗
𝟏

𝒗
𝟐



Dimensionality Reduction

𝒗
𝟏

Projection of data on largest eigenvector



Data Model

gradient = 1, offset = 0



Data Model

mu = 0.05, sigma = 2.91gradient = 1, offset = 0



Data Model

mu = 0.05, sigma = 2.91gradient = 1, offset = 0

Describe data set of 2000 points with just 4 numbers!



Principal component analysis (PCA)

• Reduce dimensions of data sample by projecting onto a lower 
dimension (while preserving the high variance information)

3D



Principal component analysis (PCA)

• Reduce dimensions of data sample by projecting onto a lower 
dimension (while preserving the high variance information)

3D 2D



10-Dimensional case



PCA Algorithm

• Input: Data X of sample size N

• Output: k principal components

• Centering: Subtract mean from data

• Scaling: Scale each dimension by its variance

• Compute covariance matrix C

• Compute k largest eigenvectors of C (alternatively calculate 
SVD)



PCA Algorithm

• Input: Data X of sample size N

• Output: k principal components

• Centering: Subtract mean from data

• Scaling: Scale each dimension by its variance

• Compute covariance matrix C

• Compute k largest eigenvectors of C (alternatively calculate 
SVD)

Describes only linear relations in data set!



Sklearn.PCA

https://scikit-learn.org/stable/modules/generated/sklearn.decomposition.PCA.html


Overview – Next Topics

• Interpolation

• Statistics

• Differential equations

• Modeling of real world patterns (in 3D)



What is interpolation?



What is interpolation?

• For given points (x0, y0), (x1, y1), … (xn, yn) find new points 
within the range of the given points, e.g. via a function f



Interpolation of images

low-resolution

image (100×100)

high-resolution

image (400×400)



Color interpolation

scale

Original pixel locations Scaled pixel locations

(R1, G1, B1) (R4, G4, B4)



Color interpolation

scale

interpolation

Original pixel locations Scaled pixel locations

(R1, G1, B1) (R4, G4, B4)



Color interpolation

scale

interpolation

Original pixel locations Scaled pixel locations

(R1, G1, B1) (R4, G4, B4)(R2, G2, B2) (R3, G3, B3)



Edge-directed interpolation (Li&Orchard’2000)

low-resolution

image (100×100)

high-resolution

image (400×400)



Coloring of images

http://www.cs.huji.ac.il/~yweiss/Colorization/

http://www.cs.huji.ac.il/~yweiss/Colorization/


Shape interpolation

https://en.wikipedia.org/wiki/Morphing

http://www.cs.tau.ac.il/~dcor/online_papers/papers/arap.pdf

https://en.wikipedia.org/wiki/Morphing
http://www.cs.tau.ac.il/~dcor/online_papers/papers/arap.pdf


Shape interpolation

Find outline Create vertex mesh Interpolate on meshes



Multi-scale resolution

INPUT



Lagrange Interpolation

Idea: Create a polynomial basis 
function for each point that is 1 at 
that position along the x-axis and 0 
at the x-positions of all other points. 
Then add and scale them together to 
obtain a polynomial that exactly 
goes through the specified points. 

Example points: (1,0), (2,1), (3,1), 
(4,1)



Lagrange Interpolation

(𝑥 − 2)(𝑥 − 3)(𝑥 − 4)



Lagrange Interpolation

(𝑥 − 2)(𝑥 − 3)(𝑥 − 4)

(1 − 2)(1 − 3)(1 − 4)



Lagrange Interpolation

𝑃1 𝑥 =
𝑥 − 2 𝑥 − 3 𝑥 − 4

1 − 2 1 − 3 1 − 4

P1(x)



Lagrange Interpolation

P1(x)

𝑃1 𝑥 =
𝑥 − 2 𝑥 − 3 𝑥 − 4

1 − 2 1 − 3 1 − 4

𝑃2 𝑥 =
𝑥 − 1 𝑥 − 3 𝑥 − 4

2 − 1 2 − 3 2 − 4

P1(x)

P2(x)



Lagrange Interpolation

𝑃1 𝑥 =
𝑥 − 2 𝑥 − 3 𝑥 − 4

1 − 2 1 − 3 1 − 4

P1(x)

𝑃2 𝑥 =
𝑥 − 1 𝑥 − 3 𝑥 − 4

2 − 1 2 − 3 2 − 4

P1(x)

P2(x)

𝑃3 𝑥 =
𝑥 − 1 𝑥 − 2 𝑥 − 4

3 − 1 3 − 2 3 − 4 P1(x)

P2(x) P3(x)



Lagrange Interpolation

𝑃1 𝑥 =
𝑥 − 2 𝑥 − 3 𝑥 − 4

1 − 2 1 − 3 1 − 4

P1(x)

𝑃2 𝑥 =
𝑥 − 1 𝑥 − 3 𝑥 − 4

2 − 1 2 − 3 2 − 4

𝑃3 𝑥 =
𝑥 − 1 𝑥 − 2 𝑥 − 4

3 − 1 3 − 2 3 − 4

𝑃4 𝑥 =
𝑥 − 1 𝑥 − 2 𝑥 − 3

4 − 1 4 − 2 4 − 3

P1(x)

P2(x) P3(x)

P4(x)



𝑃 𝑥 = 0 ∙ 𝑃1 𝑥 + 1 ∙ 𝑃2 𝑥 + 1 ∙ 𝑃3 𝑥 + 1 ∙ 𝑃4 𝑥

𝑃 𝑥



𝑃 𝑥 = 0 ∙ 𝑃1 𝑥 + 1 ∙ 𝑃2 𝑥 + 1 ∙ 𝑃3 𝑥 + 1 ∙ 𝑃4 𝑥 =

− 3 +
13

3
𝑥 −

3

2
𝑥2 +

1

6
𝑥3

𝑃 𝑥



𝑃 𝑥 = −3 +
13

3
𝑥 −

3

2
𝑥2 +

1

6
𝑥3

𝑃 𝑥



Polynomial Interpolation

y



Polynomial Interpolation



Vandermonde Matrix

Polynomial interpolation





•Arithmetic operations (+,-,/,*) work on polynomials

http://docs.scipy.org/doc/numpy-1.10.1/reference/generated/numpy.poly1d.html
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•Arithmetic operations (+,-,/,*) work on polynomials
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•Arithmetic operations (+,-,/,*) work on polynomials

http://docs.scipy.org/doc/numpy-1.10.1/reference/generated/numpy.poly1d.html


•Arithmetic operations (+,-,/,*) work on polynomials

http://docs.scipy.org/doc/numpy-1.10.1/reference/generated/numpy.poly1d.html


Example Lagrange
𝑓 𝑥 =

1

1 + 25𝑥2

6 points



Overfitting
𝑓 𝑥 =

1

1 + 25𝑥2

12 points



Overfitting
𝑓 𝑥 =

1

1 + 25𝑥2

20 points



Linear Spline Interpolation

• For given points (x0, y0), (x1, y1), … (xn, yn) fit spline functions. 
We create lines that connect consecutive points. Linear splines 
are defined by yi = f(xi)



Linear Interpolation



Linear Interpolation
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in the above function are simply slopes between 1−ix  and ix . 



Linear Interpolation
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in the above function are simply slopes between 1−ix  and ix . 



Linear Interpolation – Spline Interpolation
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in the above function are simply slopes between 1−ix  and ix . 



Quadratic spline interpolation

Given ( ) ( ) ( ) ( )nnnn yxyxyxyx ,,,,......,,,, 111100 −− , fit quadratic splines through the data.  The splines 

are given by 
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Python Interpolation
scipy.interpolate

•1D and 2D interpolation

•Creates an interpolating function from a set of of points

•The created function returns a scalar value for an array of 
data.



https://docs.scipy.org/doc/scipy-0.14.0/reference/generated/scipy.interpolate.interp1d.html




Example linear/cubic spline interpolation



62

Bilinear interpolation

• Interpolating in 2D?

– First interpolate in respect to 
x, then in respect to y

http://en.wikipedia.org/wiki/

Bilinear_interpolation

http://en.wikipedia.org/wiki/Bilinear_interpolation


Bilinear interpolation

63

http://en.wikipedia.org/wiki/

Bilinear_interpolation

http://en.wikipedia.org/wiki/Bilinear_interpolation


Bilinear interpolation
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http://en.wikipedia.org/wiki/

Bilinear_interpolation

http://en.wikipedia.org/wiki/Bilinear_interpolation


Bilinear interpolation
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http://en.wikipedia.org/wiki/

Bilinear_interpolation

http://en.wikipedia.org/wiki/Bilinear_interpolation


Bilinear interpolation
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http://en.wikipedia.org/wiki/

Bilinear_interpolation

http://en.wikipedia.org/wiki/Bilinear_interpolation


Bilinear interpolation

67

http://en.wikipedia.org/wiki/

Bilinear_interpolation

http://en.wikipedia.org/wiki/Bilinear_interpolation


https://docs.scipy.org/doc/scipy-0.14.0/reference/generated/scipy.interpolate.interp2d.html








sqrt(0**2 + 0**2)



sqrt(0**2 + 0**2) sqrt(1**2 + 0**2)



sqrt(0**2 + 0**2) sqrt(1**2 + 0**2) sqrt(2**2 + 0**2)



X   0          1         2

Y
 
 
 
0
 
 
 
 
 
 
 
 
 
 
1
 
 
 
 
 
 
 
 
 
2

0 1 2

1 1.4 2.2

2 2.2 2.8



𝑓 𝑥, 𝑦 = 𝑥2 + 𝑦2

*plt.colorbar() creates a color bar

Visualizing 2D functions as color images



𝑓 𝑥, 𝑦 = 𝑥2 + 𝑦2

*plt.colorbar() creates a color bar

http://matplotlib.org/api/pyplot_api.html#matplotlib.pyplot.imshow


z = sqrt(xx**2 + yy**2)
plt.imshow(z)

http://matplotlib.org/api/pyplot_api.html#matplotlib.pyplot.imshow


plt.pcolormesh(x, y, z)

http://matplotlib.org/api/pyplot_api.html


plt.pcolormesh(x, y, z)

http://matplotlib.org/api/pyplot_api.html








3D Plots

• Axes3D(plt.gcf()) creates a 3D graph.



3D Plots

• ax = plt.figure().add_subplot(projection='3d')



3D Plots

• Create mesh grids: meshgrid(x, y)

• Calculate z

• ax.plot_surface(x, y, z)



Exercise

• Download the files X and Y containing two parameters 
representing some real world data. Create a 2D histogram 
of these two data samples – visualize them as an image and
as a contour plot. Use the function histogram2D to create a 
2D histogram. Draw a color bar.

https://wp.faculty.wmi.amu.edu.pl/daneX.npy
https://wp.faculty.wmi.amu.edu.pl/daneY.npy
https://docs.scipy.org/doc/numpy/reference/generated/numpy.histogram2d.html


Exercise

• Create a 3D plot of the 2D histogram from the previous 
exercise. Generate a mesh grid for x and y from 0 to 100 with 
the linspace and meshgrid functions. Use the plot_surface
function with the color map “jet” to visualize the 3D plot.



Exercise

• Find a cubic spline interpolation of the points (x and y
coordinates) contained in the file inter1D.npz in the range 𝑥 ∈
[−1.0, 1.0]. Draw the points and the interpolating function.

https://wp.faculty.wmi.amu.edu.pl/inter1D.npz


Exercise

• Open the file inter2D.npz and visualize the 
data as a 3D wireframe plot (plot_wireframe)

• Find a smoother (increase stride) cubic 2D 
spline interpolation for these data points (x, y 
and z coordinates) in the range 𝑥, 𝑦 ∈ [0, 10]
and visualize the result as a 3D plot.

https://wp.faculty.wmi.amu.edu.pl/inter2D.npz
http://matplotlib.org/mpl_toolkits/mplot3d/tutorial.html


Exercise

• Visualize measurements of the 
flowers of ludwiga octovalvis 
on a 3D plot. Compute the 
means and the covariance 
matrix as well as the 
correlation matrix – what can 
you say about the relations of 
the 3 parameters: sepal length, 
petal length and sepal width?

https://wp.faculty.wmi.amu.edu.pl/PCAdata.txt


Exercise

• Calculate eigenvectors and eigenvalues of the covariance 
matrix. Visualize the vectors originating at the data mean 
(code). To reduce the dimensionality of the data from three to 
two dimensions what subspace will preserve most 
information?

https://wp.faculty.wmi.amu.edu.pl/AGS.py


Exercise

• Project the data from 3D to 2D and 
visualize the result on another plot 
(multiply the data with a 3x2 
matrix constructed from the two 
largest eigenvectors – alternatively 
use SVD). Compare your results to 
the PCA method from the module
matplotlib.mlab or sklearn. 



Exercise

• Reconstruct the image using an interpolation method of your 
choice. Which person is depicted in the image? 

scipy.interpolate.griddata(points, values, xi,method='linear', fill_value=nan, rescale=False)

https://wp.faculty.wmi.amu.edu.pl/img2.png
https://docs.scipy.org/doc/scipy/reference/generated/scipy.interpolate.griddata.html

